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Applications of PCPs

Two main ar‘nlicad'iohs of PCPs .

Seen Berore

CoMPUTATIONAL INTEGRITY

How to veri{-‘y Compvi'od-ions

foster than they can be run?

TopAy

Harpovess OF ApproxiMATioN

Which problems remain hard
even if we only seek

an approximod'e solution €




Coping with NP-Hardness

Numerous fundamenfal optimization problems are NP-hard,

E.q. 3SAT, GrapuCororing , TraverinaSaesman , Knapsack , CLique , VerTexCover ...
=P T{ P#NP then none of these problems con be solved in polynomial time.
Q: How o Cope with NP- hardness /

® correct but slow algorithms
Solve the problem exactly via an algorithm = whose ( super-polynomial ) running time

is not bod on small instances. Ex: t(n) = 14" ([ 11**°< 200 million « 2*°°)

® fost but incorrect algorithms (oKo APPROXIMATION ALGORITHMS )

Solve the problem approximately Vi polynomial-time algorithm,

The quality of the approximation must ke quarantzed for every input.

Another ditection to cope With NP- hardness s to foreso worst-case. input  guarantees:

() efficient algorithms Hhat selve “natoral” inputs (o major d\od\e,nsz is to model “natural’ )

() efSicient algorithms that work well in practice (aka hevtristics)



Approximation Algorithms

A maximization problem is o pair & = (sol,val) where:

, ¥
- Sol (%) is the (possibly empty) set of valid solutions for the instance xefoi}
- vallx,w) is the valve of +he solution we sol(x) for x .

We define val(x):= mox {v«l(x,w): We sol(x)}.

¢ val(x)
An Q\Sori'l'hm A has O\PProxiW\a\h'oy\ ratio «2) for &= (sol ,val) it — val(x,Alx)
1 L. vallx)
¥x val (x,Ax) > &-va\(x) : *
The minimization case is similar except that :
+ «-val(x)

« val(x):= min {VQI(X,W): wesol(x)}. val (x,Ax)
«— ,AlX

* K%) must satisfy ¥x vl (X,A(x))s - val(x) . ! valx)

Example: Mox3SAT ( Instonces x are 3cNF formulas .
I¢ x hos n variables Hhen sol(x)= {o,1}".

Vol (x,w) = Fraction of clovses in x Satiskied by we {0,3"

Basic GoaL : design approximation olgorﬁ-hms for NP-hard problems with small




Approximation Landscape

Researchers hove designed approximation olgorithms since the 19705,

Examples:

» Knapsack K= I+€ in time poly(nL) . [ FPTAS based on dynamic programming )

» VerTexCover X=2 ( vertices in o maximol mcd’ching)

* SeTCoveR '}"“‘S'- &= O(logn) (pick set covering. most points & repeat )

« INDEPENDENTSET X = MaxDo.snul-O(V\) (Femove min-degree verTex and its heigl\bors 4 \—epeai')

« TRAVELINGS ALESMAN hoOne

Results suggest that Problems behave very differently wrt approximodion foctors .

(Even if the problems are reducible to one another via polynomial-time reductions. )
Q: Why different approximation factors ?

NP reductions preserve satisfiability but not necessarily approximability .

They independently transform subgadgets with differing blowups in size |



Hardness of Approximation

Q: Why these specific approximation factors?
We con aim to explain them by Sbowing Hhot one cannot do better:
CIOAL: prove hardness of approximod'ion Fesvlts

We W|S)'l to P\'OVQ S"'Q"-Qmeﬂ"'s O‘G 'H\Q ‘Y‘Ol’m or some other Unlikely conclusion
(eq. 3sAT e DTIME (2°M) )

I/IF problem J s o(-approximable inpolynomial time then P=NP .\\
This generalizes the statement “If Problem @ is solvable in polynomia\ time then P=NP “.
—
I-opproximable
CHALLENGE: NP-reductions do net have "Qaps“

computodion of a _ CooK-Levin —y 3SAT — redvction —s Pproblem of
hon-deterministic TM Theorem interest

AN
4 local teductiont
sensitive. o Small ckomﬁzs

— Si‘ron3 hardness of approximation requires rejecting computations to be far from accepting.

—> PCPs F“")’ o role in hardness of aPProx\ma\'iom



Constraint Satisfaction Problems

A constraint sotisfaction problem (CSPs) generalizes +he notion of 3SAT.

deb: A (Z,£,9) —constraint is o pair C=(Sf) where Se([f']) ond $:zs->{o,u}.
An assignment ae Zz satisfies C=(S,§) % f(a(s))=1,

dd: A (L,0qm)-CsP is a list P=(Cy,..,Cm)  where cach Ci=(S £:) is o (Z,4,9)- constraint,
q J AYAN ?
The valve 0(1 ¢ on assighmer\+ Q€ Z’e IS val (cP,a) = ‘—m Z;:. & (Q(Sj)).
The valve of ¢ s val(9):= ::él vod(cp,a)/ ond @ s satisfiable it wval(@)=1.

We associate two problo.ms to CsPs:
o MaxCSP 3, 2,q,m] is +he search problem thet asks fo find aeTt that moximizes val (,a)
+ GopCSPL€,&,Z,8,q,m] is +he decision problem that asks fo distinguish if val(@)71-€ or val(@)<é&

claim: C"O\P(SP[&,ES,Z,Q,Q/"\-} is NP-hard — approximaﬁna MaxCSF[Z,l,q,M] with o(<% is NP-hard

proof: TL val(p) » 6. then the approximation is at least —-val(9)> 7"(~(|-&)> ESC.(l-fc)=5s.

I(: vo\ (9) ¢ €& then the approximation is at+ most val(P)< &. |

To show hardness of approximation it suffices to show hardness of gap Problems ]



CSP vs PCP

here is an equivolence between CSPs and (non-adapﬁve) PCPs .

claim: | reduces fo GapCSPLEc, €, %, ¢ qm] — L€ PCPLE,E2, ¢ q,v=logm]

roo+t:

v,,‘;,fzz (X): 1. Reduce x to the CSP @=(c,_ C.).
2. Sample jelml
3, Check +hat fia(sy)=1.
The PCP verifier makes q queries and Uses f= |03m random bits .

Completeness and soundness follow from the fact that quZﬁ fr[Vrz,,(X)=l]= val (9,0) . u

claim: | e PCP[£,& T, ¢,q,r] — L reduces o GapCSPLE.€5 3 £,q, me2'] in time poly (2,n)
pl-oﬂ: Lot V=(S,Q/D) be the (non-adaptive) PCP  verifier for L .
Map the instance X to the CSP instance Q- (Cg)ge{o,.}' where

C,,=(Sg,1fg) with  $g=Q(x,¢) and {—g(alsg))=D(S(x,g),a(Sg)), [
Dictionary: PCP verifier <> CSP instance proof lQng'Hr\ <> number of variables
PCP string <> assignment query complexity <> arity of constraints

completeness /soundness < yes/vp thresholds  rundomness Complexity <> log of rumber of constraints g



Inapproximability of Max3SAT [1/4]

We have learned +hat

NP < Pcplécés,Z, €, q, =0(logn) ]

—  GapCSP[&c,&,Z,2, 9, m=polytn) ] is NP-hard

= approximating MaxCSP (S, £,9,m] with o(<%’:c is NP-hard
Hence the PCP Theorem tell vs that

3 &selo)) JqeN st QaPCSP[Ec=0, ESIZ={0,I},f=Poly(n),ql m=Poly(n)] IS NP-hard . A

What can we say about the inapproximability of MaxSSATz/MaXCSP with q=3 and each ;

is an OR-clavse of <3 literals from 5§

theorem: J g e (0,1) st. decid'mg if o 3SAT ® has val()=I or val(@)<& is NP-hard

The Cook-Levin theorem tells us that for o 3SAT ¢ its NP-hard to distinguish val(q)=1 and val(v)s\-r'n .
The above theorem si3nificom+ly strengthens this ;

the Yes/no gop increases from T'n— (inverse Polynomial) to 1-& (constant) |

The theorem is a direct consequence of A and the lemma in the next slide, constant if g=0(1)

which reduces GapCSP  to Qo.,;BSAT by expressing each constraint as o 3CNF of size lq-q .



Inapproximability of Max3SAT [2/4]

lemmao: qQPCSP[&,eS/&{o,u} q,m] reduces to qcn(:?,SAT[éEc €= 3 8 {o} £ £+m1q q'=3, n'= mzq]

‘\ q ]
M Lot CP=(CI,...,CM) be a ({0,‘},Q,q,"\)-CSP. Ai’”;ii;“;:;gg;:f
)
For each je[m], express the constraint C:‘:'(Sj/{:‘:{o,l}si"{o/‘}) os o boolean formula L/{\}‘* where

each 9, is on OR-clavse over (Xi)ies, that encodes +he b-th row in s evalvation table as follows:
o if -[J(B)=I then %Ib((xi)igsj)3=| (always Tkve),

« if {-}(b)=0 then ?J'B((Xi)iegj) = i\e/S;‘ (xi@b;) (e Pib ovtputs | precisely on inputs #b).

Note tat ¥ cefoi}® f(c)=1 iff ¢ satisties BATE N

Next express each @, —as a 3wF / ”<PJ,,,,: using q clavses and q. auxiliary variables (x;)

befq] ®
Define the 3CNF formula
A A

|
CP . jetml Le{o'}a !:e[ci] CPJ,bt

/

which is over the f':= .€+mzq variables (X)-. and  (Xjpe) and has M= m-2q clavses

jelm], befop}® , telqd
Fix ae{o,ll and jelm].

* I{: Fj((Qi)ieg:‘)‘:' 'H'\Qh E (aizl’/':)be{%}s", telq) s Bé/{\o,l}‘i t{E{J (PJ,b,l: (0\, (aj/‘%k)te[‘]]) =l.

« If  fi((@idies)=0 then ¥ @i t) eyt pern 3 B st P (a,(ay,, l:)tem) =0,
(and POSS||>|y Vb ¥t (P\)be(o‘ (QJLE)(: []) )

We conclude that  val(9') 7 val(P) and [1-val(9') > 'Va';w (ie. vall@) < |- '2";';?) ). N

10



Inapproximability of Max3SAT [3/4]

lemma: 3 expected polynomial-time algorithm with approximation ratio #=% for MoxE3SAT  [0eid s Toneon wa]
L"&F.‘ n formula is an E3CNF
A(‘P) . Sampk random ae{o,|} , (eoch clavse has exacHy 3 literals)

2. I{: val (?,a)<7/8 90 to 1. Else ovtput a .

The algorithm A ovtputs a st val (?,a)zi‘g. 8_'/;.1 8‘/? -val (@)

"

We are left to analyze its expected running time,
for jetm), Z;:- “indicator that o random aefo)} sotisfies j-+h clavse of o,
Note that E[Zi] = Er[%ﬁ] = |"B"[ZJ=0]= |—7I_l;_l7_" 4/&’. ( Each clavse has exacty 3 Ii+em|s.)
Hence E[Zf, 2,]= Z;;:. E[z]= T m
We deduce Hhat 3 aefol” Hhat satisfies Pm  clavses,
In fact, pi= PlZf z2i2%wm]2 8_'m because |Q‘H’in% Pei= Bl Z\ = K]
gm -E[Ze ] KﬂdZ KI’K\(K»\-J&-)Z F""’Z P, & ( 48-)~l+m-‘> — pzg-.

0¢ "S m-| Imekem O¢K<m Imsk¢m

do the expected number of samples is §m —and thus A tuns in expected time O(m*) . ||
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Inapproximability of Max3SAT [4/4]

The expected-time algorithm can be derandomized via the method of CownpiTiovaL ExpecTATIONS
For i=1,.,n: set X;:=b; to maximize

yielding an O(n-m)-time olqorithm (even O(ntm) with some care), Ll (90) 0, dicbia],
which is computable in time O(m).

We showed that &< (o) st distinguishing if o E3CNF @ has val(@) =1 or vall@)<€s is NP-hard,

How small can & be ?

We expect £ z% dve to the %—approximoﬂrion algori’rhm for MaxE3SAT.  Some Optimal Inapproximability Results
Johan Hastad ‘
This lower bound can be matched: KTH g y

theorem: ¥ ¥>o0 it is NP-hard to distinquish if a E3CNF @ hos val(@)=1 or vol(cp)s%»,b’

The +heorem implies that the approximation ratio =% for MaxE3SAT cannot be increased (assuming P#NP),

The proof shows thot Y ¥>o NPCPCP [ &=o, Essg"*‘,Z:{o,l}, {=poly(n) q=3, |’=O(’°3n)] :
where the ( non-odaphve) PCP verifier decides via on E3CNF clavse .

Tools include: PCP Theorem  parallel repefition, long code, Fourier analysis of boolean functions.

& _
7.
so the gop. in the theorem camnot be improved for Mox3SAT compared to Max E3SAT .

(£3 literals) (=3 literals)

[Howm—d Karloff, jl
Uri 2Zwick 1997

There is o (deterministic polynomial-time) approximafion algorithm for Max3SAT,
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Inapproximability of Other MaxCSP

Other CSPs have other opproximation ratios and (sometimes matching) inapproximability results,

(Relaxation of Max3SAT where each  predicate ﬂi{o,llsi"{°,'}
ExaMPLE : MoxB3CSP := M&XCSP[Z={°,|}, Q, q=3,h)] . can be orbitrary, rather thon being required to be o 3CVF clause. )

g

There is o (deterministic polynomial-time) = -approximation algorithm for MaxB3CSP. [zucx me]

This opproximai'ion rotio connot be decreased (unless P#WNP):

On the NP-Hardness of MAX-NOT-2

T KTH

theorem: ¥¥>0 NPS l’(',P[&_= o 8$\<-§r +¢ 2 ={o1} L=poly(n), q=3,r= O(log“) ] Johan Hastad 9::,

the non-adaptive PCP verifier can be arbitrary
(its.decision predicate need net rule according to o 3CNF clavse)

13
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